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Abstract
We study a quantum Bianchi type I model in which the dynamical variables of the corre-
sponding minisuperspace obey the generalized Heisenberg algebra. Such a generalized uncertainty
principle has its origin in the existence of a minimal length suggested by quantum gravity and
sting theory. We present approximate analytical solutions to the corresponding Wheeler-DeWitt
equation in the limit where the scale factor of the universe is small and compare the results with
the standard commutative and noncommutative quantum cosmology. Similarities and differences
of these solutions are also discussed.
PACS numbers: 04.60.-m, 04.60.Ds, 04.60.Kz
1 Introduction
A general predictions of any quantum theory of gravity is that there exists a minimal length below
which no other length can be observed [1]-[6]. From perturbative string theory point of view [1, 2],
such a minimal observable length is due to the fact that strings cannot probe distances smaller than
the sting size. In the scale of this minimal size, the quantum effects of gravitation become as important
as the electroweak and strong interactions. Thus, in the study of high energy physics phenomena
such as the very early universe or in the strong gravitational fields of a black hole, one cannot neglect
the effects of the existence of such a minimal length.
An important feature of the existence of a minimal length is the modification of the standard
Heisenberg commutation relation in the usual quantum mechanics [7, 8]. Such relations are known as
the Generalized Uncertainty Principle (GUP). In one dimension, the simplest form of such relations
can be written as
△p△ x ≥ h¯
2
(
1 + β(△p)2 + γ
)
, (1)
where β and γ are positive and independent of △x and △p, but may in general depend on the
expectation values 〈x〉 and 〈p〉. The usual Heisenberg commutation relation can be recovered in the
limit β = γ = 0. As is clear from equation (1), this equation implies a minimum position uncertainty
of (△x)min = h¯
√
β, and hence β must be related to the Planck length. For a more general discussion
on such deformed Heisenberg algebras, especially in three dimensions, see [9]. Now, it is possible
to realize equation (1) from the following commutation relation between position and momentum
operators
[x, p] = ih¯
(
1 + βp2
)
, (2)
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where we take γ = β〈p〉2. More general cases of such commutation relations are studied in [7]-[11].
Also various applications of the low energy effects of the modified Heisenberg uncertainty relations
have been extensively studied, see for example [12]-[15].
In this letter we consider a two dimensional minisuperspace of Bianchi type I cosmology in the
GUP framework. We shall see that the corresponding Wheeler-DeWitt (WD) equation is a fourth
order differential equation. Although, in general we cannot solve this equation exactly, we may obtain
approximate analytical solutions in the limit of small scale factors i.e., in the region of the validity
of GUP. We then compare the resulting wave functions with ordinary quantum cosmology and with
noncommutative quantum cosmology where the latter is discussed in [16].
2 The model
Let us consider a cosmological model in which the spacetime is assumed to be of Bianchi type I whose
metric can be written, working in units where c = h¯ = 16piG = 1, as
ds2 = −N2(t)dt2 + e2u(t)e2βij(t)dxidxj , (3)
where N(t) is the lapse function, eu(t) is the scale factor of the universe and βij(t) determine the
anisotropic parameters v(t) and w(t) as follows
βij = diag
(
v +
√
3w, v −
√
3w,−2v
)
. (4)
To simplify the model we take w = 0, which is equivalent to a universe with two scale factors in the
form
ds2 = −N2(t)dt2 + a2(t)(dx2 + dy2) + c2(t)dz2. (5)
The anisotropy in the above metric can achieved by introducing a large scale homogeneous magnetic
field in a flat FRW spacetime. Such a magnetic field results in a preferred direction in space along the
direction of the field. If we introduce a magnetic field which has only a z component, the resulting
metric can be written in the form (5) where there are equal scale factors in the transverse directions
x and y and a different one, c(t), in the longitudinal direction z. The dynamics of such a universe is
considered in [17].
Now, using the Einstein-Hilbert action
S =
∫
d4x
√−g(R− Λ), (6)
where g, R and Λ represent the determinant of the metric tensor, the scalar curvature and the
cosmological constant respectively, we are led to the following Lagrangian in the minisuperspace
{u, v}
L = 6e
3u
N
(
−u˙2 + v˙2
)
− ΛNe3u. (7)
Thus, with the choice of the harmonic time gauge N = e3u [18], the Hamiltonian can be written as
H = 1
24
(
−p2u + p2v
)
+ Λe6u. (8)
Let us now proceed to quantize the model. In ordinary canonical quantum cosmology, use of the
usual commutation relations [xi, pj] = iδij , results in the well known representation pi = −i∂/∂xi,
from which the WD equation can be constructed. However, in the GUP framework, as was mentioned
in the introduction, the existence of a minimal observable length requires new commutation relations
between position and momentum operators. In more than one dimension a natural generalization of
equation (2) is defined by the following commutation relations [12, 13, 19]
[xi, pj ] = i
(
δij + βδijp
2 + β′pipj
)
, (9)
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where p2 =
∑
pipi and β, β
′ > 0 are considered as small quantities of first order. Also, assuming that
[pi, pj ] = 0, (10)
the commutation relations for the coordinates are obtained as
[xi, xj] = i
(2β − β′) + (2β + β′)βp2
1 + βp2
(pixj − pjxi) . (11)
As it is clear from the above expression, the coordinates do not commute. This means that to
construct the Hilbert space representations, one cannot work in position space. It is therefore more
convenient to work in momentum space, as is done in [12], [13] and [19]. However, since in quantum
cosmology the wave function of the universe in momentum space has no suitable interpretation, we
restrict ourselves to the special case β′ = 2β. As one can see immediately from equation (11), the
coordinates commute to first order in β and thus a coordinate representation can be defined. Now, it
is easy to show that the following representation of the momentum operator in position space satisfies
relations (9) and (10) (with β′ = 2β) to first order in β
pi = −i
(
1− β
3
∂2
∂x2i
)
∂
∂xi
. (12)
A comment on the above issue is that applying the GUP to a curved background such as a cosmological
model needs some modifications [20]. Here, since we apply the GUP to the minisuperspace variables
u, v which correspond to a Minkowskian metric, we can safely use the above expressions without any
modifications.
3 Quantization of the model in the GUP framework
Let us focus attention on the study of the quantum cosmology of the model described by the Hamil-
tonian (8). The corresponding commutation relations are as follows
[u, pu] = i
(
1 + βp2 + 2βp2u
)
, [v, pv] = i
(
1 + βp2 + 2βp2v
)
, (13)
[u, pv ] = [v, pu] = 2iβpupv, (14)
[xi, xj ] = [pi, pj ] = 0, xi(i = 1, 2) = u, v, pi(i = 1, 2) = pu, pv. (15)
As we have mentioned in the previous section, in the special case when β′ = 2β, we have the following
representations for pu and pv in the u− v space which satisfy the commutation relations (13)-(15)
pu = −i
(
1− β
3
∂2
∂u2
)
∂
∂u
, pv = −i
(
1− β
3
∂2
∂v2
)
∂
∂v
. (16)
Now, using these representations for momenta in the Hamiltonian constraint (8), the WD equation
can be written, up to first order in β, as{
∂2
∂u2
− 2
3
β
∂4
∂u4
− ∂
2
∂v2
+
2
3
β
∂4
∂v4
+ 24Λe6u
}
Ψ(u, v) = 0. (17)
In the case of β = 0, the ordinary quantum cosmology of the model can be recovered and its eigen-
functions can be written in terms of Bessel functions as follows [16]
Ψν(u, v) = e
−3νvJν

2
√
2Λ
3
e3u

 , Λ > 0, (18)
3
Ψν(u, v) = e
3iνvKiν

2
√
2|Λ|
3
e3u

 , Λ < 0. (19)
The solutions of equation (17) are separable and may be written in the form Ψ(u, v) = U(u)V (v),
leading to
2
3
β
d4V
dv4
− d
2V
dv2
+ 9ν2V = 0, (20)
−2
3
β
d4U
du4
+
d2U
du2
+
(
24Λe6u − 9ν2
)
U = 0, (21)
where for having well-defined functions we use the positive separation constant 9ν2 in the case of
a positive cosmological constant. Equation (20) is a fourth order linear differential equation whose
solutions can be written in the form of exponential functions erv where r is the root of equation
2βr4 − 3r2 + 27ν2 = 0,
where
r2 =
3
4β
[
1±
(
1− 24βν2
)1/2]
.
To achieve the correct limit for β → 0, we take the negative sign in the above expression. Thus, up
to first order in β, the solution of equation (20) reads
V (v) = e−3ν(1+3βν
2)v. (22)
Now, let us deal with equation (21). Taking β = 0 in this equation yields the ordinary WD equation
where its solutions in the case of a positive Λ are given by equation (18). In the case when β 6= 0,
we cannot solve equation (21) exactly, but we can provide an approximate method whose domain of
validity is given by the solution of a second order differential equation. To this end, we note that
the effects of β become important at the Planck scale, or in cosmology language in the very early
universe, that is, when the scale factor is small, e3u → 0. Thus, if we substitute solution (18) in the
β-term of equation (21), we may obtain approximate analytical solutions in the region e3u → 0. The
limiting behavior of solution (18) in the region e3u → 0 is [21]
Jν

2
√
2Λ
3
e3u

→ 1
Γ(ν + 1)


√
2Λ
3


ν
e3νu, (23)
and therefore its fourth derivative is
d4U
du4
= (3ν)4U.
Substituting this result into equation (21) leads to the following equation
d2U
du2
+
[
24Λe6u − 9(ν2 + 6βν4)
]
U = 0, (24)
with solution, up to first order in β, as
U(u) = Jν(1+3βν2)

2
√
2Λ
3
e3u

 . (25)
For a negative cosmological constant, the above procedure leads to the solutions
e3iν(1−3βν
2)v,
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Figure 1: The figure on the left shows the square of the commutative wave function while the figure on the right, the
square of the noncommutative wave function. The figures are plotted for a negative cosmological constant.
for V (v) and modified Bessel function
Kiν(1−3βν2)

2
√
2Λ
3
e3u

 ,
for U(u). Thus, the eigenfunctions of the WD equation can be written as
Ψν(u, v) = e
−3ν(1+3βν2)vJν(1+3βν2)

2
√
2Λ
3
e3u

 , Λ > 0, (26)
Ψν(u, v) = e
3iν(1−3βν2)vKiν(1−3βν2)

2
√
2|Λ|
3
e3u

 , Λ < 0. (27)
We may now write the general solutions to the WD equation as a superposition of the eigenfunctions
Ψ(u, v) =
∫ +∞
−∞
C(ν)Ψν(u, v)dν, (28)
where C(ν) can be chosen as a shifted Gaussian weight function e−a(ν−b)
2
.
4 Comparison of the results
In a previous work [16], we obtained the solutions of the same problem in a noncommutative phase
space with the following commutation relations
[unc, vnc] = iθ, [unc, pu] = [vnc, pv] = i, [pu, pv] = 0, (29)
and showed that the eigenfunctions of the corresponding WD equation in such a space are given by
Ψν(u, v) = e
−3νvJν

2
√
2Λ
3
e3(u−
3
2
νθ)

 , Λ > 0, (30)
Ψν(u, v) = e
3iνvKiν

2
√
2|Λ|
3
e3(u−
3
2
νθ)

 , Λ < 0. (31)
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Figure 2: The square of wave function in the GUP framework. The figure is plotted for a negative cosmological
constant.
As can be seen, the general solutions are again in the form of an expression like (28). Although in
the present study and with the choice β′ = 2β, the phase space variables u, v commute with each
other, in general equation (11) shows that GUP leads naturally to a noncommutative generalization
of position space which may point to a close relationship between noncommutativity and GUP. The
study of such phenomena as IR/UV mixing and non-locality, Lorentz violation and new physics at
very short distances in noncommutative [22]-[26] and GUP [27, 28] frameworks, would pave the way
for a more clear understanding of this relationship.
Figures 1 and 2 show the square of wave functions in the context of an ordinary commutative phase
space, noncommutative phase space and when the phase space variables obey the GUP relations. As
is clear from these figures, in the ordinary commutative case (θ = β = 0), we have only one possible
universe around a nonzero value of u and v = 0, which means that the universe in this case approaches
a flat FRW one. On the other hand we see that noncommutativity causes a shift in the minimum value
of u corresponding to the spatial volume. The emergence of new peaks in the noncommutative wave
packet may be interpreted as a representation of different quantum states that may communicate
with each other through tunnelling. This means that there are different possible universes (states)
from which our present universe could have evolved and tunnelled, from one state to another (see
also [29]). Such behavior also occurs in figure 2 which shows the square of the GUP wave function,
showing that from the point of view adopted here, noncommutativity and GUP may be considered as
similar concepts. However, there is an important difference, namely, that the noncommutative wave
function not only peaks around v = 0, but appear symmetrically around a nonzero value of v, which
is the characteristic of an anisotropic universe. On the other hand, the GUP wave function as is seen
in the figure, has many peaks around the value v = 0 and therefore from the point of predicting an
isotropic universe the GUP wave packet behaves like the ordinary commutative case.
5 Conclusions
In this paper we have studied the effects of the existence of a minimal length scale on the quantum
states of a Bianchi type I cosmology. This phenomena yields a deformed Heisenberg commutation
relation between the position and momentum operators which are known as the GUP. Although in
more than one dimension, because of the existence of a noncommutative relation between the space
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operators it is not possible to represent the momentum operator in the position space, in the special
case when the GUP parameters obey the relation β′ = 2β, the space operators commute and a
coordinate representation of momenta can be defined. Since a wave function describing the quantum
state of the universe does not not have a suitable interpretation in momentum space, working in the
above special case is crucial in our work.
When the phase space variables obey the ordinary commutation relations we have seen that
there is only one possible isotropic universe. Upon considering the GUP and through finding the
approximate analytical solutions of theWD equation in the limit of small scale factors, we have studied
the corresponding quantum cosmology and seen that in the presence of the GUP, the square of the
wave function of the universe has several peaks. This behavior, also occurring in the noncommutative
quantum model studied in a previous work [16], may be related to different states in the early universe
from which our present universe could have evolved. Although, both noncommutativity and GUP
predict many possible initial universes, this is not the case in predicting the isotropicity. In the
case of a noncommutative cosmology the universe behaves anisotropicaly while the GUP predicts an
isotropic universe.
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